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Abstract 
In this chapter the finite strain plastic deformation of hexagonal closed packed polycrystals have been simulated 
using crystal plasticity theories. The simulations have been carried out using a rate-dependent elastic-viscoplastic 
crystal plasticity constitutive models. Two models are considered in the analyses; a model based on the classical 
Taylor assumptions and a model based on crystal plasticity finite element method. The plastic deformation 
mechanisms accounted for in the models are the slip systems in the matrix (parent grain), extension twinning systems, 
and the slip systems inside the extension twinned regions. The parameters of the constitutive model have been 
calibrated using the experimental data. The calibrated model has then been used to predict the deformation of AM30 
magnesium alloy in uniaxial tension and compression as well as in bending. For the bending strain path, the effects of 
texture on the strain accommodated by the deformation mechanisms and bending moment have been investigated.  
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1. Introduction 
Magnesium alloys with their high strength-to density ratio, can play a significant role 
in the reduction of vehicle weight, which will decrease the vehicle fuel consumption. 
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Magnesium possesses very few active slip systems at room temperature, and thus it has 
a poor room temperature formability [1,2]. In general deformation, different twinning 
modes get activated which affect deformation by influencing yielding, hardening, and 
fracture. An increase in the forming temperature of magnesium results in the activation 
of more slip systems, and therefore magnesium formability is improved at higher 
temperatures. 
 
The strong plastic anisotropic behaviour of magnesium has its origin in the different 
deformation modes. This is best studied by physics-based constitutive models (as 
opposed to the phenomenological ones) like crystal plasticity. The following meso-scale 
physics-based modelling tools are available in the literature to simulate the plastic 
deformation of polycrystalline metals involving crystallographic slip and deformation 
twinning: 
1.1. Taylor type [3] models 
In these models it is assumed that the deformation field in all the grains of the loaded 
specimen is the same. The shape and local neighborhood of the grains are disregard [4]. 
The rotation of a given grain due to the applied external load is not directly affected by 
the rotation of neighboring grains (there is no direct kinematic coupling between them). 
Also, equilibrium between the neighbor grains is not satisfied. This modelling scheme 
has been used by Van Houtte [5, 6], Tomé et al. [7], Kalidindi [8], Salem et al. [9], 
Lévesque et al. [2], and Izadbakhsh et al. [10]. A detailed comparison of all these 
models at single crystal level is provided in Izadbakhsh et al. [11,33]. 
1.2. Viscoplastic self-consistent (VPSC) models 
The polycrystal plasticity model based on the self-consistent approach for the 
viscoplastic case was originally proposed by Hutchinson [13]. The VPSC model 
developed by Molinari et al. [14] and later extended by Lebensohn and Tomé [15,16] to 
account for anisotropy has been extensively used to simulate large strain deformation in 
magnesium alloys [12] (see e.g [12,17-23]). Unlike Taylor type [3] models, the self-
consistent models allow for different strain response in each grain of the loaded 
specimen [12]. The amount of difference in the strain response of the grains depends 
upon the relative stiffness between the grain and calculated surrounding homogeneous 
equivalent medium [12]. For consistency it is required that the averaged behaviour over 
all the grains must be the same as the macroscopically imposed one [12]. In the VPSC 
modeling method each grain is not in direct interaction with the neighbor grains (each 
grain is in interaction with the entire aggregate as an equivalent medium), and the 
conditions of equilibrium and compatibility are not completely satisfied between 
neighbor grains [11]. Similar to the Taylor type [3] models, in the VPSC models the 
shape and local neighborhood of the grains are disregard (the shape is always restricted 
to be an ellipsoid). Also, the rotation of a given grain due to the applied external load is 
not directly affected by the rotation of neighboring grains. 
1.3. Crystal Plasticity Finite Element Method (CPFEM) 
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The CPFEM allows accounting for geometric effects, i.e. the geometry of the loaded 
specimen is completely captured, something that cannot be done with the Taylor type 
[3] and VPSC models. Unlike the Taylor type [3] models, the CPFEM accounts for the 
shape and local neighborhood of the grains, and the grain shape change is allowed [25]. 
The rotation of a given grain due to the applied external load directly affects the rotation 
of its neighbour grains. Because of these features, i.e. accounting for local effects, the 
CPFEM can be potentially used to model localization and material failure. This is a 
significant feature of the CPFEM, because the other two modeling approaches (Taylor 
and VPSC) are limited in predicting the material failure caused by local texture effects. 
In the CPFEM, each grain is in direct interaction with the neighbor grains, and the 
conditions of equilibrium and compatibility are simultaneously satisfied between them 
(more details are available in Refs. [11,24,25]). The use of CPFEM is well-established 
for the FCC materials [26-29]. Recently Choi et al. [30,31] have used this modeling 
approach for the AZ31 magnesium alloy. They have implemented their developed 
Crystal Plasticity Constitutive Model (CPCM) together with the predominant twin 
reorientation (PTR) scheme [5] in the commercial finite element code 
ABAQUS/Standard [32]. 
 
The three different modelling approaches listed above have been successfully 
employed to predict the macroscopic (i.e. stress-strain curve) and microscopic (i.e. 
texture evolution) response of  magnesium alloys during uniaxial tension and 
compression tests. However, metal forming processes often involve complex strain 
paths that depart significantly from uniaxial tension and compression modes. While 
significant effort has been made to model large strain phenomena in magnesium alloys 
involving twinning and slip, very little work is available, with the exception of forming 
limit diagrams (FLDs) simulations [2,19], on the behaviour during complex strain path 
deformation. 
 
In this chapter, the rate-dependent elastic-viscoplastic Crystal Plasticity Constitutive 
Model (CPCM) presented by Izadbakhsh et al. [11,33] has been implemented in the 
commercial finite element code LS-DYNA [34] to investigate large strain phenomena in 
polycrystalline AM30 magnesium alloy during complex strain path deformation. Unlike 
the CPCM by Choi et al. [30,31], which does not account for the activity of slip systems 
inside the twinned regions (also known as secondary or second generation slip systems), 
the model by Izadbakhsh et al. [33] considers these deformation mechanisms. When the 
volume fraction of the twinned regions is considerable (common for extension twins), 
the secondary slip systems inside of the twins can potentially accommodate considerable 
plastic deformation, and thus these deformation mechanisms have to be accounted for. 
The numerical model [33] has been calibrated by simulating uniaxial tension and 
compression for polycrystalline AM30 extruded tube. The calibrated model is used to 
simulate the large strain deformation of AM30 during bending [35-37] and simple shear; 
two very common strain paths during metal forming operations. The simulation of 
bending process with the 3D CPFEM for magnesium alloys has not been reported in the 
literature, yet. 
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The main features of the CPCM model [33] are summarized in Section 2. In Section 
3, the mathematical equations of the model are presented. These equations describe the 
evolution of the stress inside the parent and twinned regions, accumulated strain on the 
primary and secondary slip systems, volume fraction of the twinned regions, as well as 
resistance of the twinning systems and primary and secondary slip systems. In Section 4, 
the finite element implementation, experimental data, specimen discretization, and 
model calibration are explained. Simulations of the simple shear and bending are 
outlined in Section 5 and the results are discussed. 
2. Crystal plasticity constitutive models 
In this section, two different rate-dependent polycrystal plasticity models are 
summarized.  
 
2.1 Taylor-type polycrystal plasticity model  
 
The rate-dependent elastic-viscoplastic constitutive model presented by Levesque et 
al. [2] has been employed in this section. Accordingly, the total deformation of a 
crystallite is taken to be the result of three distinct physical mechanisms: 
crystallographic slip, twinning and elastic lattice distortion. The slip systems that are 
known to be active in magnesium alloys and that are being used in this work [38].  
The slip and twinning rates employed in the model are assumed to be governed by the 
following power-law expressions: 
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where  D   and  D  are reference shear and twinning rates taken to be the same for all the 
slip and twinning systems, W D   PD  :V  is the resolved shear stress on the slip system Į, 
g D   is its hardness and m is the strain-rate sensitivity index. The g(D )  characterize the 
current strain-hardened state of all slip systems. The rate of increase of the function  (D )  
is defined by the hardening law: 
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where g(D ) (0) is the initial hardness, taken to be a constant W0 for each slip system, and 
h(DE ) are the hardening moduli. The form of these moduli is 
 
                                           )()()( hqh EDEDE   (no sum on E)                                          (4) 
where h( E )  is a single slip hardening rate and q(DE )  is the matrix describing the latent 
hardening behaviour of the crystallite.  
The Cauchy stress, V, over a grain can be obtained by averaging the stresses in the 
twinned and un-twinned parts of the grain; 
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where Vmt is the Cauchy stress in the matrix (un-twinned regions of the grain) and V twE
is the stress in ȕ-twinned region. 
    A simple power-law hardening is used to calculate the hardness of the various slip 
and twinning systems during deformation. An expression accounting for the Hall-Petch 
effect is also incorporated in the formulation (this expression, presented in Salem et al. 
[4], represents the increase in the hardness due to twin boundaries restricting the 
dislocation displacement). 
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where h 0  is the initial hardness of the slip systems, n is the hardening exponent, hHP  is 
a coefficient for the Hall-Petch effect and J a  is the sum of the accumulated slip on all 
the slip systems; i.e. 
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The model presented in this section is based on the Taylor assumptions. However, the 
formulation accounts for different deformation gradients in the twinned and untwinned 
regions (even though the deformation gradient for each grain is the same). This 
J
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approach is more realistic and can account for the reorientation of the lattice caused by 
twinning in the twinned parts of a grain accurately. 
The materials investigated in the first part of this study are extruded tubes of wrought 
magnesium alloy AM30 (Mg-3%Al-0.3%Mn). All experimental data used for 
calibration and validation has been taken from the literature [38]. The two main 
components of the initial texture, corresponding to the radial direction (RD) and 
tangential direction (TD) of the tube, as well as their relative orientation with respect to 
the specimen are shown in figure 1. The }0001{  and }0110{  initial pole figures of the 
material are shown in Figure 2. Extension twinning is considered to be potentially 
active in a crystal (in compression) when the basal planes are parallel (or with an angle 
up to 45°) to the major deformation axis. The same condition applies to contraction 
twinning, except that it is active (in tension) when the basal planes are parallel to the 
major deformation axis. Based on measured texture data for extruded tubes [38], 
extension twinning is assumed to be active in 84% of the grains under a compressive 
load, while contraction twinning is assumed to be active in 16% of the grains under a 
tensile load. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. (a) Schematic diagram showing the two texture components (RD and TD) of the AM30 extruded tube, and (b) their relative 
orientation with respect to a tensile specimen [38] 
 
The calibration of the model has been done by fitting the uniaxial tension and 
compression curves. At 200°C, the amount of twinning observed during uniaxial tension 
is very small and its effect on the material behaviour can be neglected. Thus, the fitting 
of the tension curve has provided us with the parameters for slip. Subsequently, the 
fitting of the compression curve was done with the assumption that both slip and 
twinning occurred simultaneously, and was used to calibrate the parameters for twinning 
(Figures 3a-b). 
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Figure 2. The }0001{  and }0110{  initial pole figures of the material viewed normal to the tube surface 
 
  
     (a)                                     (b) 
 
Figure 3. Experimental and simulated stress strain curves at 200oC for uniaxial (a) tension and (b) compression  
 
Numerical simulations show that the crystal plasticity based model can accurately 
predict texture evolutions during uniaxial tension and compression (Figures 4, 5) as well 
as the total volume fraction of twinning during uniaxial compression (Figure 3b). This 
model was employed by Levesque et al. [2] also to predict forming limit diagrams 
(FLDs) for magnesium tubes where the contribution of different deformation 
mechanisms on the formability was investigated. 
Even though the proposed Taylor-type polycrystal plasticity model can accurately 
predict the stress-strain curves and texture evolution, it lacks the capability to account 
for grain morphologies and the interactions between the grains. Thus, a new model has 
been proposed based where the grains in a polycrystal aggregate are modelled by 
multiple finite elements. This approach enforces equilibrium and compatibility 
throughout the polycrystal aggregate in a “weak” finite element formulation.    
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     Figure 4. Experimental (a-b) and simulated (c-d) textures        Figure 5. Experimental (a-b) and simulated (c-d) textures  
             after 15% uniaxial tension   after 20% uniaxial compression 
 
 
2.2 Crystal plasticity finite element model  
 
The rate-dependent elastic-viscoplastic CPCM laid out by Izadbakhsh et al. [11,33] 
for materials in which plastic deformation occurs by slip and twinning concurrently, has 
been used in this work. In this model, the material elasticity is accounted for, and 
separate resistance evolution functions for all the slip and twinning systems are 
considered. The interactions between various slip and twinning systems as well as 
further deformation of twinned crystal by secondary slip and twinning are included. The 
deformation of the secondary twinned regions by tertiary slip is also considered in a 
comprehensive manner. The focus of the present work is to implement the above 
constitutive law in a polycrystal finite element framework to study the large strain 
deformation of AM30 magnesium alloy. According to the published data, at the 
temperature of $200 C, the dominant plastic deformation mechanisms in AM30 
magnesium alloy are primary slip, primary twinning, and secondary slip systems [38]. 
Therefore, a part of the model by Izadbakhsh et al. [11,33] that deals with the 
aforementioned plastic deformation mechanisms can be used to calibrate the parameters 
and study the large deformation behaviour. 
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The model by Izadbakhsh et al. [11,33] works in a sequential manner, and in each 
new step a new set of plastic deformation mechanisms are accounted for. The first three 
steps of the model work as follows: 
 
Step 1. When a single crystal of magnesium is loaded, at the initial stage of 
deformation, the proposed model considers the primary slip systems inside the 
untwinned crystal as the only plastic deformation mechanisms that can accommodate 
the macroscopic plastic deformation. 
 
Step 2. Activation of the primary extension or contraction twinning systems is 
allowed in the model. Provided that the Resolved Shear Stress (RSS) for the primary 
extension (figure 6) twinning systems is non-zero, they can nucleate and grow. Their 
initial lattice orientation is obtained based on the relative orientation relationship that 
exists between the parent and twinned regions [39-41]. 
 
Step 3. Activation of the secondary slip systems inside the primary extension twinned 
regions is allowed in the model. Provided that the RSS for the secondary slip systems is 
non-zero, they can take up strain. 
 
Fig. 6. Parent and extension twinned regions in magnesium 
 
3. Formulation of the proposed model 
The equations corresponding to each step of the CPCM are presented in the Refs. 
[11,33], however for the completeness and ease of reference they are summarized in the 
following subsections and in Appendices A-C. 
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Nomenclature  
pD  primary slip system  
sD  secondary slip system  
pE  primary twinning system 
mat  parent (matrix) region 
1tw  primary twinned region 
s  slip or twinning system direction 
m  slip or twinning system plane normal 
)( xP  a symmetric tensor, where xcan be pp ED , or sD  (defined in Appendix B) 
)(xW  an antisymmetric tensor, where xcan be pp ED , or sD  (defined in Appendix B) 
F  deformation gradient 
*F  elastic part of the deformation gradient (defined in Appendix A) 
pF  plastic part of the deformation gradient (defined in Appendix A) 
1twF  deformation gradient associated with a primary twinning system [40-43] 
(defined in Appendix C) 
V  Cauchy stress 
*
V  lattice Jaumann rate of Cauchy stress 

V  material Jaumann rate of Cauchy stress 
$
C  elastic moduli [10,11] 
matQ  orientation matrix of the matrix 
1twQ  orientation matrix of a primary twinned region 
L  velocity gradient 
pL  plastic part of the velocity gradient (defined in Appendix A) 
*L  elastic part of the velocity gradient (defined in Appendix A) 
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D  strain rate   
pD  plastic part of the strain rate (defined in Appendix A) 
*D  elastic part of the strain rate (defined in Appendix A) 
:  spin 
p:  plastic part of the spin (defined in Appendix A) 
*:  elastic part of the spin (defined in Appendix A) 
J  strain on a slip system 
f  volume fraction of a twinned region 
g  resistance (hardening) of a plastic deformation mechanism 
0h , sW  parameters in the resistance (hardening) of various plastic deformation mechanism 
21 ,, MMM  Bunge angles [44] 
t  time 
n  time step 
3.1. Equations corresponding to step 1 of the model [33] 
In step 1 of the CPCM, primary slip systems are the only plastic deformation 
mechanisms. PL has contributions from the primary slip systems and is defined as 
follows: 
  (8) 
 
)*( ps D  and )*( pm D  are defined by (Eqs. (B.1) and (B.2) in Appendix B): 
 )(*)*( xx sFs                                                                   (9) 
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)( pP D and )( pW D are a symmetric and an antisymmetric tensor, defined by Eqs. (B.3) and 
(B.4) in Appendix B, respectively. matC  is defined by:   
  (12) 
 $
C  is the Elastic moduli for magnesium single crystal [10,11]. From Bunge [44]: 
 
 
  (13) 
 
 
A power law relation between the slip rate on a primary slip system and the ratio of 
RSS to the resistance of the primary slip system is assumed as follows: 
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)( pDV  is the RSS on the primary slip systems, and   )( pa D represents a reference strain 
rate. Eq. (14) is used for calculating the strain rate on the primary slip systems in the 
next steps of the model as well. 
 
The evolution of resistance of the primary slip systems is given by: 
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3.2. Equations corresponding to step 2 of the model [33] 
In step 2 of the proposed CPCM nucleation of the primary twinning systems is 
allowed. Eqs. (8)-(15) and (18) are valid for step 2 of the model. 
At the very beginning of this stage, the initial lattice orientation of the nucleated 
primary twinned region as well as crystallographic planes and directions of the 
secondary slip and twinning systems inside it are calculated. The corresponding 
procedure is outlined in Appendix C. 
 
  has contributions from the primary slip and twinning systems, and is defined as 
follows: 
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by Eq. (B.2) in Appendix B. 
 
The constitutive laws are given by: 
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is given in Eq. (C.1) in Appendix C. )( pP D and )( pP E  are symmetric tensors 
defined by Eq. (B.3) in Appendix B. )( pW D  and )( pW E  are antisymmetric tensors defined 
by Eq. (B.4) in Appendix B.  
 
The evolution of the resistance functions for the primary slip systems is defined by: 
 
  (25) 
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The diagonal terms of the resistance evolution matrix containing the entries hDp
2A
     
represent the slip systems self-hardening (q=1), and off-diagonal terms, latent 
hardening. The matrix with the entries hEp
' 2A
 accounts for the interaction between the 
primary slip and twinning systems. 
 
Eq. (28) is used to calculate the growth rate of the volume fraction of primary twinned 
regions as follows: 
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)( pEV on the twinning plane. Eq. (28) is used to calculate the rate of 
change of the volume fraction of the primary twinning systems in the next steps of the 
model, as well. 
 
The evolution of the resistance of the primary twinning systems is given by: 
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  (32) 
where the matrix with the         entries accounts for the interaction between the 
primary slip and twinning systems, 1J  is as given in Eq. (18), and 1f  is:
  (33) 
 
The total stress in the grain is equal to the volumetric average of the stresses in the 
parent and primary twinned regions: 
 
  (34) 
 
3.3. Equations corresponding to step 3 of the model [33] 
In step 3 of the proposed CPCM, nucleation of the secondary slip systems inside the 
primary twinned regions is allowed. Eqs. (8)-(15), (18), (23), (24), (28), (29), (33), and 
(34) are valid for step 3 of the model, too. 
 
PL has contributions from the primary and secondary slip, and primary twinning 
systems, and is defined as follows: 
   
   
  (35) 
)*( ps D  and 
)*( ps E are defined by Eq. (B.1) in Appendix B. 
)*( pm D  and 
)*( pm E  are defined 
by Eq. (B.2) in Appendix B. 
)*( ss D and 
)*( sm D  are defined by Eqs. (C.6) and (C.5) in 
Appendix C, respectively. 
The constitutive laws are given by: 
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  (36) 
 
 
 
 
 
 
   
   
   
  (37) 
 
where matC  and 1twC are given in Eqs. (3) and (23), respectively. 
)( pP D , )( pP E , and 
)( sP D  are symmetric tensors defined by Eq. (B.3) in Appendix B. )( pW D , )( pW E , and  
)( sW D are antisymmetric tensors defined by Eq. (B.4) in Appendix B. 
 
The evolution of the resistance functions for the primary slip systems is defined by: 
 
  (38) 
 
 (39) 
 
  (40) 
 
The diagonal terms of the resistance matrix with the Aph
3
D  entries represent the slip 
systems self-hardening ( 1 q ), and off-diagonal terms, latent hardening. The matrix 
with the Aph
3
Ec  entries accounts for the interaction between the primary slip and twinning 
systems. 
  
The evolution of the resistance of the primary twinning systems is given by: 
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The matrix with the entries        accounts for the interaction between the primary 
twinning and primary slip systems, and the one with entries         accounts for the 
interaction between the primary twinning and secondary slip systems. 1J  and 1f are 
defined by Eqs. (18) and (33), respectively, and: 
¦ 
s
s
D
DJJ )(2   (45) 
The evolution of the strain on the secondary slip systems is calculated as follows: 
 
  (46) 
 
1)()( : twss P VV DD    (47) 
In each twinned region there are 18 secondary slip systems (table 1), and the RSS for 
each is calculated. In Eq. (46) )(max)( sDV  is the RSS for the secondary slip system that has 
the biggest RSS value in a given twinned region. The evolution of the resistance of the 
secondary slip systems is given by:
  (48) 
 
  (49) 
 
  (50) 
The diagonal terms of the matrix with entries        represent the slip systems self-
hardening ( 1 q ), and off-diagonal terms, latent hardening. The matrix with       entries 
accounts for the interaction between the secondary slip and primary twinning systems. 
Finally, similar to step 2, the total stress in the grain is calculated by Eq. (34). 
3.4. The interactions between the slip and twinning systems [33] 
In a single grain, the resistance evolution of a given slip system depends on the 
interactions that exist between this slip system and other slip and twinning systems. The 
same holds true for a given twinning system (for a review of these effects, see 
[20,21,46-48]). For instance, it is well-known that twin boundaries can act as obstacles 
to dislocation motion (Hall-Petch effect [49,50]). Also, the resistance of the slip systems 
inside the twinned regions is different from the resistance of the slip systems inside the 
parent due to the Basinski-hardening mechanism [51]. These important effects have 
been accounted for in the model as follows. 
Separate resistance evolution functions for the primary, secondary, and tertiary slip 
systems, as well as primary and secondary twinning systems are considered. These 
functions are represented by ijxh  where sppx DED ,, (referring to the three families of 
the plastic deformation mechanisms; primary slip, primary twinning, and secondary slip 
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systems, respectively) , 3,2,1 i (referring to the three steps of the model), and 
CBAj ,,  (for example in Eqs. (15), (26), (27), (31), and (32)). 
In the proposed model, the rate of change of the resistance of a primary slip system in 
step 1 of the model (Eq. (16)) depends on the rate of change of the strain on the primary 
slip systems (Eq. (15)) [10,45, 52,53]. In steps 2 and 3 of the model (Eqs. (25) and (38), 
respectively), rate of change of the resistance of a primary slip system depends on the 
rate of change of the volume fractions of the primary twinning systems, as well (Eqs. 
(27) and (40), respectively). This is to account for the Hall-Petch-like effect [49,50]. 
However, it is emphasized that the constitutive model does not account for the grain 
“size” effect. 
The rate of change of the resistance of a primary twinning system in step 2 (Eq. (30)) 
depends on the rate of change of volume fractions of primary twinning systems (Eq. 
(32)) as well as the rate of change of the strain on the primary slip systems (Eq. (31)). 
The later is because nucleation of the new twins and growth of the existing twins in a 
heavily dislocated parent are more difficult [10]. In step 3 (Eq. (41)), the secondary slip 
systems inside a primary twinned region affect the resistance of the primary twinned 
region, as well (Eq. (44)).  
The rate of change of the resistance of a secondary slip system, in a given primary 
twinned region, in step 3 of the model (Eq. (48)) depends on the rate of change of strain 
on the secondary slip systems in the same primary twinned region (Eq. (50)). By 
calibrating the parameters in Eq. (50) with experimental data, Basinski’s effect [51] can 
be accounted for. The rate of change of the resistance of a secondary slip system also 
depends on the rate of change of the volume fraction of the primary twinned region in 
which it lies (Eq. (49)). The negative sign in front of Cph
3
E term in Eq. (48) indicates that 
as the volume fraction of primary twinned region increases, the resistance of the 
secondary slip systems inside it decreases. This is because by increasing the volume 
fraction of a primary twinned region, the slip lengths of the slip systems (with 
crystallographic planes that are not coplanar with the twin plane) inside of the primary 
twinned region increase [7]. This means that under this condition the resistance of these 
slip systems decreases (i.e. )( sg D  decreases). 
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4. Finite element implementation, experimental data, specimen discretization, 
and model calibration 
In this section, various aspects of the analyses such as the finite element 
implementation, available experimental data, and the calibration of the model are 
discussed briefly. 
4.1. Finite element implementation 
The finite element method provides a very powerful tool to numerically investigate 
the large strain behavior of metals at various length scales. In this study, the CPCM 
outlined above has been implemented in a User defined MATerial subroutine (UMAT) 
in LS-DYNA [34]. This tool provides three-dimensional (3D) simulations that are more 
realistic compared to the relatively simplified two-dimensional (2D) analyses. 
4.2. Experimental data 
Extruded tubes of AM30 (Mg-3%Al-0.3%Mn) magnesium alloy, shown 
schematically in figure 1, are investigated in this study [38]. The two main components 
of the initial texture, corresponding to the radial direction (RD) and tangential direction 
(TD) of the tube, as well as their relative orientation with respect to the specimen are 
shown in figure 1. The average volume fraction of the RD and TD components are 39% 
and 48%, respectively. The }0001{  and }0110{  initial pole figures of the material are 
shown in Figure 2. 
Experimental data on the plastic deformation behavior of this magnesium alloy at $200 C during uniaxial tension and compression as presented in [38] has been used for 
calibration of the parameters of the model. The active plastic deformation mechanisms 
in AM30 magnesium alloy at 
$200 C are listed in table 1 [2,38]. 
Table 1. The slip and twinning systems active in AM30 at 200°C and strain rate of 0.1/s [38] 
Slip systems 
Basal ²¢a  ! 1021}0001{  
Prismatic ²¢a  ! 1021}0110{  
Pyramidal ²¢a ! 0211}0111{  
Pyramidal ²¢ ac ! 3121}1221{  
Twinning systems Extension twinning ! 0111}2110{  
 
4.3. Specimen discretization 
From the Electron Back Scattered Diffraction (EBSD) measurement, the average 
grain size was determined to be mP39  [38]. The grains were mostly dodecahedral with 
an ellipticity value around 1.1. The so-called unit cell modeling approach [54-56] is 
followed in the present work. A mm PP 450450 u square grid of the microstructure that 
statistically represents the essential features of the material, i.e. grain size, grain shape 
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and texture, has been selected. The texture data shown in figure 3 has been assigned to a 
specimen with the dimensions of mmm PPP 60450450 uu . The specimen has then been 
meshed with the eight-node first order brick elements with the dimensions of 
mmm PPP 151515 uu . Each element has its own crystal lattice orientation. The meshed 
specimen has been analyzed with the commercial software LS-DYNA [34]. The 
microstructure in 3D is assumed to contain grains that are isotropic in morphology but 
contain the same texture component distribution as determined by EBSD. 
4.4. Model Calibration 
Similar to the approach presented by Choi et al. [30,31], the values of the CPCM 
parameters have been obtained by curve fitting the experimental stress-strain data in the 
uniaxial tension and compression tests presented in the Ref. [38]. For AM30 
magnesium alloy at $200 C, it is known that while there is no extension twinning in the 
material during uniaxial tension loading, material experiences significant twinning 
during uniaxial compression loading [38]. Thus, first the calibration of the parameters 
related to the primary slip systems (CRSS and resistance evolution function) have been 
carried out with the stress-strain curve of the tension test. Then, the calibration of the 
parameters related to the primary extension twinning and secondary slip systems (CRSS 
and resistance evolution function) have been done with the stress-strain curve of the 
compression test. Similar to the approach presented in the Refs. [10,30,31,33], isotropic 
hardening is assumed (i.e. the self-hardening effect equals latent hardening). 
There is an integer variable implemented in the computer program that varies from 1 
to 3 corresponding to the steps 1 to 3 of the model, respectively. When there is no 
twinning, this parameter is forced to remain as 1, and so the whole simulation is done 
with only step 1 of the model. When there is twinning the starting value of this 
parameter is 2, so primary slip and primary twinning are allowed to participate in plastic 
deformation accommodation from the very beginning of the simulation. The activation 
of secondary slip systems is governed by the following strategy. When the volume 
fraction of the twinned regions in a given element in the mesh reaches certain threshold, 
this parameter is assigned the value of 3; thus the step 3 of the model is invoked, and the 
secondary slip systems inside the twinned regions can also participate in 
accommodating the plastic deformation. In the present work, it turned out that the value 
of 2% as the threshold value provided good simulation results, and thus this value was 
adopted. 
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Fig.7. a) Comparison between the predicted and measured stress-strain curves in the tension test, b) between the predicted and 
measured stress-strain curves in the compression test, and c) between the predicted and measured average volume fraction of 
twinned regions in the compression test 
The calibration results obtained from uniaxial tension and compression loading, as 
well as volume fraction of the twinned regions in the uniaxial compression loading are 
presented in Figure 7. The values of the model parameters obtained from this calibration 
are presented in tables 2-6. The CRSS values presented in table 2 are similar to the ones 
reported in Refs. [30,31] for AZ31 magnesium alloy. The predicted final textures are 
also in very good agreement with the measured ones for both tension and compression 
loadings (Figure 8). 
 
 
 
 
260   Kaan Inal and Raja K. Mishra /  Procedia IUTAM  3 ( 2012 )  239 – 273 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. a) Comparison between the predicted and measured textures in the tension test (a and b, respectively), and between the 
predicted and measured textures in the compression test (c and d, respectively) 
Table 2. The CRSS values of the various deformation mechanisms 
Plastic deformation mechanism CRSS 
Basal ²¢a  35.0 MPa 
Prismatic ²¢a  87.0 MPa 
Pyramidal ²¢a 80.0 MPa 
Pyramidal ²¢ ac  87.0 Mpa 
Extension twinning 44.0 Mpa 
Table 3. The values of the model parameters in step 1 
Eq. (17) 
)(1
0
pAh D  330 MPa 
)(1 pA
s
DW  20000 MPa 
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Table 4. The values of the model parameters in step 2 
Eq. (26) 
)(2
0
pAh D  330 MPa 
)(2 pA
s
DW  20000 MPa 
Eq. (27) 
)(2
0
pAh Ec  0.0 
)(2 pA
s
EW c  180 Mpa 
Eq. (26) 
)(2
0
pBh D 0.0 
)(2 pB
s
DW 180 Mpa 
Eq. (27) 
)(2
0
pBh Ec 20 MPa 
)(2 pB
s
EW c 500 MPa 
Table 5. The values of the model parameters in step 3 
Eq. (39) 
)(43
0
pAh D 330 MPa 
)(43 pA
s
DW  20000 MPa 
Eq. (40) 
)(43
0
pAh Ec 0.0 
)(43 pA
s
EW c 500 Mpa 
Eq. (42) 
)(43
0
pBh D 0.0 
)(43 pB
s
DW  500 Mpa 
Eq. (43) 
)(43
0
pBh Ec 0.0 
)(43 pB
s
EW c 500 Mpa 
Eq. (44) 
)(43
0
sBh D 0.0 
)(43 sB
s
DW  500 Mpa 
Eq. (49) 
)(43
0
pCh Ec 0.0 
)(43 pC
s
EW c 2000 Mpa 
Eq. (50) 
)(43
0
sCh D 20 MPa 
)(43 sC
s
DW  2000 MPa 
Table 6. The values of the other model parameters  
Eq. (14) )( pa D  1×10-3 
Eq. (28) )( pa E  1×10-3 
Eq. (46) )( sa D  1×10-4 
Eq. (14 and 28) m  0.02 
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5. Model applications 
In this section, the calibrated crystal plasticity model is employed to simulate bending 
in the magnesium alloy AM30. Since the calibrated values correspond to experimental 
data at 200°C, the simulations would correspondingly be for bending at 200°C. 
Metal forming operations involve various strain paths and deformation modes. 
Among these, bending is an important and often observed deformation mode [35-37]. 
Typical automotive applications use bending of sheets or tubes as well as hemming 
operations. Bending is a complicated deformation mode since it involves strain gradient 
through the thickness of the material. While the mechanics of bending are well 
established, plasticity effects have received much less attention, and are not well 
understood. Even though there are various studies on the effects of microstructure on 
bending of Face-Centered-Cubic (FCC) materials [57,58], there are no studies of the 
effects of microstructure on bending in magnesium alloys with a Hexagonal close-
packed (HCP) structure. Furthermore, the tension-compression asymmetry (due to 
twinning) observed in magnesium alloys increases the complexity of the overall 
material response during bending. 
 
 
 
 
 
 
 
 
 
Fig.9. The applied boundary condition in the bending simulations 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.10. The meshed schematic of the specimen; a) initial, and b) final 
 
The bending simulation of AM30 magnesium alloy is investigated in this subsection. 
As shown in the 2D schematic in figure 9 (corresponding to z-y plane in Fig. 10), by 
applying proper boundary conditions only half of the specimen needed to be modelled 
(due to symmetry). The dimensions of the specimen shown in figure 9 are 
mmm PPP 225450450 uu , and therefore the aspect ratio of the full-size specimen is 
124 uu . The size of eight-node brick elements used in meshing the specimen is as 
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before ( mmm PPP 151515 uu ). The same texture data shown in figure 2 has been 
assigned to the specimen. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11. For the specimen with both the TD and RD texture components, a) contour plots of ED component of true strain, b) the pole 
figure of the texture at the top surface of the specimen, c) the pole figure of the texture at the surface containing the neutral axis, and 
d) the pole figure of the texture at the bottom surface of the specimen, at a bend angle of 30°. 
 
The strain accommodated by the deformation mechanisms and the bending moment 
in the bent specimen for a given bend angle are investigated. For the simulations in this 
paper the maximum bend angle, T  in figure 9, is arbitrarily set to be $30 . The initial 
and final schematics of the specimen are shown in Figure 7. 
For the specimens with both the TD and RD texture components and with only the 
RD texture component, the contour plots of the ED component of true strain, pole 
figures of the evolved texture at the top and bottom surfaces of the specimens, as well as 
the surface containing the neutral axis (all a bend angle of 30°), are presented in Figures 
8-9. The simulations with only the RD texture component (figure 12a) presents a more 
uniform strain distribution compared to the simulation with both the RD and TD texture 
components (Figure 11a) and thus more bendability. Furthermore, the simulation with 
both texture components shows signs of localized deformation in the form of “hot 
spots” (Figure 11a). In both cases, while the bottom surface of the specimen experiences 
significant twinning (Figures 11d and 12d), twinning at the top surface and the surface 
containing the neutral axis is negligible. 
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Fig. 12. For the specimen with only the RD texture component, a) contour plots of ED component of true strain, b) the pole figure of 
the texture at the top surface of the specimen, c) the pole figure of the texture at the surface containing the neutral axis, and d) the 
pole figure of the texture at the bottom surface of the specimen, at a bend angle of 30°. 
 
It was discussed earlier in Section 4 that the initial (extruded) texture of AM30 leads 
to extension twinning during uniaxial compression while no twinning is observed 
during uniaxial tension. Bending strain path imposes tension on top of the specimen and 
compression at the bottom of the specimen. This phenomenon is successfully 
reproduced by the finite element model; the bottom surface of the bent specimen 
experiences compressive loading, and thus, twinning occurs at this region (the contour 
plot of twinned regions is presented in Figure 13). However, twinning does not occur at 
the top surface of the bent sheet where the loading is tensile (twinning occurs at a few 
elements on the top layer of the specimen, since the grain orientation in these elements 
favour extension twinning under tensile loading). 
The strain accommodated by the various plastic deformation mechanisms is 
presented in Figure 14a. Here, for the slip systems, J  refers to strain accommodated by 
slip, the rate of which is given by Eq. (14). For the twinning systems, twf J.  refers to 
strain accommodated by twinning (which is equivalent to the strain for the slip systems 
[5,19,33]) where f is the volume fraction of twinned region, and 1289.0 twJ  is the 
specific twinning shear for extension twins in magnesium. The calculation has been 
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performed by taking the average of the accumulated strain by each plastic deformation 
mechanism over all the elements. The horizontal axis represents the specimen rotation 
angle (Figure 9). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.13. Distribution of twinned regions in terms of volume fraction in the specimen 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 14. (a) The strain accommodated by the deformation mechanisms, (b) required bending moment, and (c) height of neutral axis 
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From figure 14a, it can be seen that among the plastic deformation mechanisms, 
primary twinning systems have the biggest contribution in accommodating plastic 
deformation. This is followed by primary and secondary slip systems, respectively. 
The calculated bending moment required for bending the specimen versus rotation 
angle is shown in figure 14b where a hardening behaviour is observed. The effect of 
each texture component in the bending moment is discussed in Section 5.1. Finally, the 
position of the neutral axis was investigated in figure 14c, where the height of the 
neutral axis, measured from the bottom of the specimen, is plotted versus the rotation 
angle.  
Note that, in figure 14c, the neutral axis is initially located at mP5.112 from the 
bottom of the specimen (corresponding to the center line). Simulations show that the 
neutral axis shifts upwards with different rates with increasing bending angle and the 
rate of this upwards shift is closely related to the deformation mechanisms. For 
example, the change in the rate of upwards shifting after 5o of rotation (figure 14c) 
corresponds to the point where twinning starts to accommodate deformation at an 
increasing rate. Similarly, the rate of the upward shifting of the neutral axis changes at 
approximately 20o of rotation which corresponds to the point where primary pyramidal 
slip systems start to accommodate more strain than the primary basal slip systems. 
5.1. Effect of texture components 
As mentioned earlier in section 3.2, there are two main texture components in the material; 
RD and TD components, and their volume fractions are 39% and 48%, respectively. To 
investigate the individual effects of these two components on the strain accommodated by the 
plastic deformation mechanisms and the bending moment in the bent specimen, two cases are 
considered; bending in a specimen with the RD texture (i.e. Bunge angles [44]: 1M =M = 2M =0), 
and in another specimen with the TD texture (i.e. Bunge angles [44]: 1M =0,M = 2M = 2S ). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.15. The strain accommodated by the deformation mechanisms for the specimens with the a) RD and, b) TD textures 
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The strain accommodated by the various deformation mechanisms for these two cases are 
presented in figure 15. It can be seen that, with the exception of the primary slip systems, the 
strain accommodated by the other plastic deformation mechanisms are very similar. In the 
specimen with the RD texture, the primary pyramidal <c+a> slip systems are the only primary 
slip systems contributing in strain accommodation. In the specimen with the TD texture, the 
primary basal, prismatic, and pyramidal slip systems contribute in strain accommodation, and 
the primary pyramidal <c+a> slip system are inactive. This implies that in the specimen with 
both RD and TD texture components (figure 11a), RD texture component is responsible for the 
activity of primary pyramidal <c+a> slip systems, and the TD texture component is responsible 
for the activity of primary basal, prismatic, and pyramidal slip systems. Furthermore, both RD 
and TD components contribute similarly to the activity of twinning and secondary slip systems. 
Simulations show that the required bending moment with respect to the bend angle for these 
two cases are very similar (figures 16a and 16b). Comparing figures 16a and 16b to figure 14b, 
it is concluded that the RD and TD texture components have similar effects on the bending 
moment. Furthermore, the predicted upwards shifting of the neutral axis is very similar for both 
texture components (figures 16c and 16d). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.16. The required bending moment for the specimens with the (a) RD and, (b) TD components. The height of neutral axis for the 
specimens with the (c) RD and, (d) TD components 
 
It should be mentioned that the initial texture presented in figure 3 corresponds to the 
extrusion texture for AM30 tubes; AZ31 tubes exhibit a different mixture of the RD and 
TD components [38]. The rolled sheets of AZ31 can be considered to have only the RD 
texture component. 
268   Kaan Inal and Raja K. Mishra /  Procedia IUTAM  3 ( 2012 )  239 – 273 
6. Conclusions
In this study polycrystal plasticity based numerical models to simulate the finite 
strain plastic deformation hexagonal closed packed materials were presented. The 
simulations were carried out using a rate-dependent elastic-viscoplastic crystal plasticity 
constitutive model. Numerical analyses based on the Taylor-type polycrystal model 
were performed with an in-house code while the crystal plasticity finite element method 
simulations were performed with a User defined MATerial subroutine (UMAT) 
implemented in the commercial software LS-DYNA. The micromechanical plastic 
deformation mechanisms accounted for in the model are the crystallographic slip 
systems in the matrix (parent grain), extension twinning systems, and the slip systems 
inside the extension twinned regions. The parameters of the constitutive model were 
calibrated using the available experimental data in the literature. The calibrated model 
was then employed to investigate the effects of various deformation mechanisms and 
texture components of the large strain deformation of AM30 Magnesium Alloy during 
bending. In the bending of the specimen with both RD and TD texture components, it is 
concluded that the RD texture component is responsible for the activity of primary 
pyramidal <c+a> slip systems. The TD texture component is responsible for the activity 
of primary basal, prismatic, and pyramidal slip systems. The RD and TD texture 
components have similar contribution in the activity of twinning and secondary slip 
systems, as well as the required bending moments. Furthermore, more bendability 
(uniform strain distribution) was predicted in the simulations with only the RD texture 
component compared to the simulation with both the RD and TD texture components. 
Similar conclusions where presented in [59] where a link between texture and 
bendability was presented based on experimental observations. 
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Appendix A. Decomposition of the deformation gradient, velocity gradient, 
deformation rate, and spin [33] 
Similar to the works in the Refs. [10,11,33,45] the deformation gradient is 
decomposed into the elastic and plastic parts as follows: 
 
pFFF *   (A.1) 
*F includes the elastic stretch and rigid body rotation effects, and pF includes the plastic deformation 
resultant from the primary slip systems. 
   
The Eulerian velocity gradient, L, can be written as: 
 
pLLFFL    *1   (A.2) 
where 
1***  FFL  ,   1*1*1**1    FFFFFFFFL ppp   (A.3) 
*L and pL are the elastic and plastic parts of the velocity gradient, respectively. 
 
The deformation rate and spin are decomposed into the elastic and plastic parts as follows: 
 
pDDD  *   (A.4) 
p:: : *   (A.5) 
The total deformation rate and spin are related to the velocity gradient according to 
the following equations: 
)(LsymD    (A.6) 
)(Lasym :   (A.7) 
The plastic part of the deformation rate and spin are related to the plastic part of the 
velocity gradient as shown below: 
)( pp LsymD    (A.8) 
)( pp Lasym :   (A.9) 
 
The orientation matrix of the grain, matQ , defined in [10,11,33], is updated by *: . 
The equations presented here are valid for all the three steps of the model. 
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Appendix B. Evolution of crystallographic shear direction and plane normal of 
various plastic deformation mechanisms [33] 
Consider )( xs  and )( xm  as the crystallographic shear direction and plane normal of a 
given plastic deformation x , where xcan be pD or pE . The following equations govern 
the change in their orientation after the deformation: 
 
)(*)*( xx sFs    (B.1) 
1*)()*(  Fmm xx   (B.2) 
 
From Eqs. (B.1) and (B.2), it is apparent that at any given stage of deformation,  )( xs  and )( xm remain 
mutually perpendicular. For sD , )*(xm  and )*( xs are defined by Eqs. (C.5) and (C.6) in Appendix C, 
respectively. 
The symmetric tensor , )( xP , and antisymmetric tensor , )(xW , are defined by: 
 
  (B.3) 
 
  (B.4) 
 
where xcan be pD , pE , or sD .  
Appendix C. Transformation matrix between the lattice orientations in the parent 
and a primary twinned region, and crystallographic plane normal and shear 
direction of secondary slip and twinning systems [33] 
For type I twins, the transformation matrix between the lattice orientations in the parent and a 
primary twinned region (
mat
twQ 1 ) with the plane normal, n, and shear direction, b, is [39-41]: 
 
RXXQmattw
1
1
   (C.1) 
 
  (C.2) 
 
 
 
  (C.3) 
 
 
where R is the rotation matrix, involving $180 rotation of a parent lattice around the normal to the 
twinning plane [39-41]. The transformation between the lattice orientations in a primary twinned 
region and a secondary twinned region (        ) inside of it is calculated in a similar manner.  
)(
2
1 )*()*()*()*()( xxxxx smmsP 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m and s are considered as the crystallographic plane normal and shear direction of 
an arbitrary slip system in the parent. mc  and s c  are the crystallographic plane 
normal and shear direction of the same slip system in a type I twinned region in the 
same material. If n and b are plane normal and shear direction of that type I 
twinned region, then the following equations relate the mc  and s c  to m and s, 
respectively [40-43]: 
 
 
  (C.4) 
 
 
  11  c twFmm   (C.5) 
  (C.6) 
 
1twF  and twJ  are the deformation gradient and specific shear strain associated with a primary 
twinning system, respectively. For the extension twins in magnesium with the ac  ratio of 1.624, the 
value of twJ  is 0.1289. The components of m, s, n, b, mc , and s c are all expressed in the same coordinate 
system attached to the parent. From Eqs. (C.5) and (C.6), it is apparent that at any given stage of 
deformation,  sc  and mc remain mutually perpendicular. 
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